We show that certain modular equations and theta function identities of Ramanujan imply elegant partition identities. Several of the identities are for t-cores.
Introduction
H.M. Farkas and I. Kra [8] were perhaps the first mathematicians to observe that theta constant identities can be interpreted as or can be transcribed into partition identities. (Theta constant identities can be thought of as modular equations, and we use the latter terminology throughout this paper.) Perhaps the most elegant of their three partition theorems is the following result [8, Theorem 3, p. 202 ].
Theorem 1.1. Let S denote the set consisting of one copy of the positive integers and one additional copy of those positive integers that are multiples of 7. Then for each positive integer k, the number of partitions of 2k into even elements of S is equal to the number of partitions of 2k + 1 into odd elements of S.
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In [7] , the second author observed that two results of Farkas and Kra are equivalent to two modular equations, both found by both Ramanujan, in his notebooks [13] , and H. Schröter, either in his doctoral dissertation [15] from 1854 or in his papers [16, 17] emanating several years later from his doctoral dissertation. It was furthermore remarked in [7] that there appear to be only five modular equations of prime degree, namely, degrees 3, 5, 7, 11, and 23, which yield partition identities of this certain type. It should be emphasized that no two of the five partition identities have exactly the same structure. We conjecture that in each case, the partition identity is unique. In other words, for each of the five partition theorems, the prime 3, 5, 7, 11, or 23 cannot be replaced by any other prime.
M.D. Hirschhorn [12] found a simple proof of the theta function identity equivalent to the theorem of Farkas and Kra [8] . Furthermore, S.O. Warnaar [19] established an extensive generalization of the partition theorem of Farkas and Kra by first proving a very general theta function identity. In fact, an equivalent formulation of Warnaar's theta function identity can be found in Ramanujan's notebooks. Thus, the first objective of this paper is to show that Warnaar's and Ramanujan's identities are really the same after a redefinition of variables.
In his notebooks [13] , Ramanujan recorded over 100 modular equations, and in his lost notebook [14] , Ramanujan recorded additional modular equations. Proofs for almost all of these modular equations can be found in the books of Berndt [4] [5] [6] and G.E. Andrews and B.C. Berndt [2] . Besides the five modular equations mentioned above, it is natural to ask if there are further modular equations of Ramanujan that yield partition theoretical information. The main purpose of this paper is to affirmatively answer this question and to present several new partition identities arising from Ramanujan's modular equations and/or theta function identities.
In Section 4, we use modular equations to find some identities for t-cores, and in Section 5, we derive identities for self-conjugate t-cores.
One of the identities found by Farkas and Kra arises from a modular equation of degree 3; see the papers of Warnaar [19] and Berndt [7] for further proofs. In Section 6, we establish three new theorems on partitions arising from modular equations of degree 3. One of the partition identities in [7] and another in [8] are associated with modular equations of degree 5. In Section 7, we derive three new theorems arising from modular equations of Ramanujan of degree 5.
Although we mentioned above that there appear to be only five partition theorems of the type originally found by Farkas and Kra and associated with modular equations of prime degree, there is one modular equation of Ramanujan and H. Weber [20] of composite degree of the same sort, namely, of degree 15. In Section 8, we derive the corresponding partition identity for this modular equation, and we examine two further modular equations of degree 15 of Ramanujan and derive two further partition identities. Like those identities derived in Sections 6 and 7, the latter identities are in the same spirit as the original identities of Farkas and Kra, Warnaar, and Berndt, but of a slightly different type.
Our findings offered in this paper are by no means exhaustive, and our research continues in this direction [3] . However, for the theorems proved in this paper, we feel that we have exhausted the possibilities of more theorems of this sort.
Definitions, preliminary results, and notation
Throughout this paper, we assume that |q| < 1 and use the standard notation 
A u t h o r ' s p e r s o n a l c o p y
We also use the standard notation
Jacobi's famous triple product identity [4, Entry 19, p. 35 ] is given by
3)
The three most important special cases of f (a, b) are
and 6) where the product representation in (2.4)-(2.6) arise from (2.3). The last equality in (2.6) is also Euler's famous pentagonal number theorem. In the sequel, we use several times another famous identity of Euler, namely,
After Ramanujan, we also define
In the following two lemmas, we state some properties satisfied by f (a, b). We next define a modular equation as understood by Ramanujan. To that end, first define the complete elliptic integral of the first kind associated with the modulus k, 0 < k < 1, by
The complementary modulus k is defined by k :
and L denote the complete elliptic integrals of the first kind associated with the moduli k, k , l, and l , respectively. Suppose that the equality
holds for some positive integer n. Then a modular equation of degree n is a relation between the moduli k and l that is implied by (2.15) . Ramanujan recorded his modular equations in terms of α and β, where α = k 2 and β = l 2 . We say that β has degree n over α. In particular, for t = 3 and 5,
We also note from [10, Eq. (7.1b)] that, for t odd, the generating function for asc t (n), the number of t-cores that are self-conjugate, is given by
Equivalence of identities of Warnaar and Ramanujan
In [19] , Warnaar proved generalizations of the partition theorems of Farkas and Kra [8, 9] via the following key identity, for which Warnaar supplied three proofs. Recall the notation (2.1). Then
In this section, we show that (3.1) is equivalent to the following identity recorded by Ramanujan in his second notebook [13] and proved by C. Adiga, B.C. Berndt, S. Bhargava, and 
Equating the coefficients of q 4n+1 on both sides of (4.4), we readily arrive at (4.1). 2 J.A. Sellers [18] has informed us that he has derived a generalization of (4.1).
Theorem 4.2. Let a 5 (n) denote the number of partitions of n that are 5-cores. Then
Proof. Entry 13(iii) in Chapter 19 of Ramanujan's second notebook [4, p. 280] gives the modular equation
where β has degree 5 over α. Now multiply (4.6) by
and rearrange to obtain the identity
Employing (2.17)-(2.20), we readily find that this last identity can be recast in the form
Employing (2.25), we can rewrite (4.7) as
Equating the coefficients of q 4n+3 on both sides of (4.8), we readily arrive at (4.5). 
Proof. Setting t = 3 in (2.26), we find that
Applying the Jacobi triple product identity (2.3) and recalling (2.6) and (2.8), we find that
From (5.2) and (5.3), we deduce that
Now, setting a = q and b = q 5 in (2.10), we deduce that
Employing (5.4) in (5.5), we find that
Comparing coefficients of q 4n+1 on both sides of (5.6), we immediately arrive at (5.1). 2 3 (n) denotes the number of 3-cores of n that are self-conjugate, then
Theorem 5.2. If asc
where P k is either of the kth generalized pentagonal numbers k(3k ± 1)/2.
Proof. Setting a = q and b = q 5 in (2.9), we deduce that
Employing (5.4) and (5.9) in (5.8), we find that
Comparing coefficients of q 8P k on both sides of (5.10), we readily deduce (5.7). 2
A u t h o r ' s p e r s o n a l c o p y
The following identity can be found in a paper by F. Garvan 
Proof. Setting t = 5 in (2.26), we find that
Using once again the Jacobi triple product identity (2.3), we find that
From (5.12) and (5.13), we can deduce that
Now, setting a = q, b = q 9 , c = q 3 , and d = q 7 in (2.12), we deduce that
Employing (5.14) in (5.15), we find that
Comparing coefficients of q 2n+1 on both sides of (5.16), we deduce (5.11). 2
Theorem 5.4. If asc 5 (n) denotes the number of 5-cores of n that are self-conjugate, and if t 2 (n) denotes the number of representations of n as a sum of two triangular numbers, then
Proof. Setting a = q, b = q 9 , c = q 3 , and d = q 7 in (2.11), we deduce that
With the help of (5.14), we rewrite (5.18) as
From the definition of ψ(q) in (2.5), it is clear that the generating function for t 2 (n) is given by
A u t h o r ' s p e r s o n a l c o p y
Thus, (2.14) can be rewritten in the form
Replacing q by q 4 in (5.21), and then using this in (5.19), we find that
Comparing the coefficients of q 20n+4 on both sides of (5.22), we easily deduce (5.17) to complete the proof. 2
Remark. In a similar way, employing (2.13), we can easily show that
where r 2 (n) denotes the number of representations of the positive integer n as a sum of two squares. This result was noticed earlier by Garvan, Kim, and Stanton [10, Eq. (7.
3)]. 
A(N ) = B(N).
Proof. From Entry 5(i) of Chapter 19 in Ramanujan's second notebook [13] , [4, p. 230], we note that, if β has degree 3 over α, then
Multiplying both sides of (6.1) by
we obtain the equivalent equation
Transcribing (6.2) with the help of (2.21)-(2.23), we find that
A u t h o r ' s p e r s o n a l c o p y
Multiplying both sides of (6.3) by χ(q 3 ), we deduce that
Using (2.8) and (2.7), we can write (6.4) in the form
We can rewrite (6.5) in the form
It is now readily seen that (6.6) is equivalent to Theorem 6.1. 
Proof. One of Ramanujan's modular equations of degree 3 can be written in the equivalent form [5, Entry 50(i), p. 202]
Replacing q by −q in (6.7), we obtain the equation
Adding (6.7) and (6.8), we find that
But, from Entry 4(i) in Chapter 20 of Ramanujan's second notebook [13] , [4, p. 358] ,
Employing (6.10) in (6.9), we find that We observe now that (6.12) is equivalent to the statement of Theorem 6.2. 2
Example: N = 3
Then A(3) = 12 = B(3), with the twelve representations in odd and even elements being given respectively by
Furthermore, D(6) = 8, and the eight relative representations of 6 are given by 
Corollary 6.3. We have A(N ) ≡ B(N) ≡ 0 (mod 3) and D(N) ≡ 0 (mod 2).

C(2N) = A(N ) and C(2N + 1) = 4B(N).
Proof. One of the many modular equations of degree 3 recorded by Ramanujan in his second notebook is given by [4, Entry 5(viii), p. 231]
Dividing both sides of (6.13) by (α(1 − α)β 5 (1 − β) 5 ) 1/24 , we obtain the equivalent modular equation
(6.14)
Transcribing (6.14) with the help of (2.21)-(2.23), we find that It is now easy to see that (6.18) and (6.19) have the two partition-theoretic interpretations given in the statement of Theorem 6.4. 2
A u t h o r ' s p e r s o n a l c o p y
χ(q)χ 5 q 3 − χ(−q)χ 5 −q 3 = 8q 2 χ(−q 2 )χ 5 (−q 6 ) + 2q χ 4 (−q) χ 4 (−q 3
Example: N = 3
Then C(6) = 16 = A(3), and we have the representations Also, C(7) = 28 and B(3) = 7, which are evinced by the representations 
Multiplying both sides of (7.1) by
we arrive at the equivalent modular equation
Transcribing (7.2) with the help of (2.21)-(2.23), we find that
Multiplying both sides of (7.3) by χ(q 5 ), we deduce that
Employing (2.8) and (2.7), we can rewrite (7.4) in the form It is now readily seen that (7.6) has the partition-theoretic interpretation claimed in Theorem 7.1. 
A u t h o r ' s p e r s o n a l c o p y
Replacing q by −q in (7.7) gives
Adding (7.7) and (7.8), we find that
Arising in the proof of another of Ramanujan's modular equations of degree 5 is the identity [4, Eq. (12.32), p. 276]
Employing (7.10) in (7.9), we find that
Using (2.8), (2.4), and (7.6) in (7.11), we conclude that
The partition-theoretic interpretation of (7.12) in Theorem 7.2 now follows easily. 
Dividing both sides of (7.13) by
, we obtain the alternative formulation
(7.14)
Transcribing (7.14) with the help of (2.21)-(2.23), we find that It is now easy to see that (7.18 ) and (7.19) have the partition-theoretic interpretations claimed in Theorem 7.4. 2
Example: N = 6
Then C(12) = 12 = A(6), and we have the representations
Also, C(13) = 14 and B(6) = 7, and we have the representations Proof. We begin with a modular equation of degree 15 recorded first by Weber [20] and later by Ramanujan in his second notebook [4, Entry 11(xiv), p. 385]. If β, γ , and δ have degrees 3, 5, and 15, respectively, over α, then
Multiplying both sides of (8. Then A(7) = 16 and B(7) = 8, and the relevant partitions are given by 
C(2N) = A(N ) and C(2N + 1) = B(N).
Proof. By Entry 11(iv) in Chapter 20 of Ramanujan's second notebook [13] , [4, p. 383 ], where β, γ , and δ have degrees 3, 5, and 15, respectively, over α. Dividing both sides of (8.5) by (βγ (1 − β)(1 − γ )) 1/24 , we obtain the equivalent equation
Transcribing (8.6) with the help of (2.21)-(2.23), we find that Then C(12) = 3 = A(6), with the relevant representations being 
Note added in proof
K. Ono has kindly informed us that Theorems 4.1 and 4.2 follow from results on pages 10 and 9, respectively, of his paper with A. Granville [11] .
